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Available online 2 November 2013AbstractElastic wave on seafloor caused by low frequency noise radiated from ship is called ship seismic wave which can be used to identify ship
target. In order to analyze the wave components and the propagating properties of ship seismic wave, the numerical calculation of synthetic
seismograms on seafloor aroused by a low frequency point sound source is carried out using a wave number integration technique combined with
inverse Fourier transform. According to the numerical example of hard seafloor, the time series of seismic wave on seafloor are mostly composed
of interface waves and normal mode waves. Each normal mode wave has a well-defined low cut-off frequency, while the interface wave doesn’t
have. The frequency dispersion of normal mode wave is obvious when frequency is lower than 100 Hz, while the interface wave is dispersive
only in the infra-sound frequency range. The time series of seismic wave is dominated by the interface wave when the source frequency is less
than the minimal cut-off frequency of normal mode wave.
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In the recent years, the conventional sonar has been faced
with a big challenge with the appearance of quiet submarine of
which noise level in a high frequency range approaches that of
the ambient sea. However, the vibration reduction effect of
quiet submarine is not obvious in low frequency range, and the
seafloor elastic wave in shallow sea is aroused by its low
frequency noise. This kind of elastic wave is commonly called
ship seismic wave which is important for conventional sonar to
detect quiet submarine [1,2].
At present, a lot of theoretical calculations and analysis of
seafloor seismic wave caused by low frequency sound source* Corresponding author.
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http://dx.doi.org/10.1016/j.dt.2012.12.001have been carried out using normal mode [3], fast field pro-
gram [4] and parabolic equations [5] etc. They mostly inves-
tigated the propagating properties of seismic wave only in
frequency domain through the calculated results of trans-
mission lose curves, frequency response curves and so on.
However, the analysis of frequency domain can’t distinguish
the different wave components of seismic wave, such as P-
wave, S-wave, normal mode wave and interface wave which
are important to interpret those calculated curves. In order to
analyze the wave components and the propagating properties
of ship seismic wave in shallow sea, the synthetic seismo-
grams of seafloor generated by low frequency point sound
source were calculated in this paper. The calculated result
provides a theoretical basis for conventional sonar to detect
quiet submarine with seismic wave in shallow sea.
2. Synthetic seismograms algorithm
For a source distribution along a vertical axis in a stratified
half-space, a cylindrical coordinate system is introduced, as
shown in Fig. 1. The stratified environment consists of action and hosting by Elsevier B.V. All rights reserved.
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neous, isotropic elastic solid at the seafloor.
In Fig. 1, cp1, r1 are the P-wave speed and density of
seawater, respectively; cp2, cs2, r2 are the P-wave, S-wave
speed and density of rock and soil stratum, respectively;
d denotes the source depth; H is the thickness of fluid layer; ɸ1
represents the displacement potential of P-wave in shallow
sea, and ɸ2, c2, j2 are the displacement potentials of P-wave,
SH-wave, SV-wave on seafloor, respectively.
The displacement of wave on seafloor can be derived from
the potentials (ɸ2, c2, j2)
u¼ VfþV ðcezÞ þVV ðjezÞ ð1Þ
where V ¼ ðv=vrÞer þ ðv=rvqÞeq þ ðv=vzÞez; er; eq; ez
denote the radial, tangential, axial unit vectors in cylindrical
coordinates, respectively.
The propagation of stress waves in the elastic rock and soil
stratum is described by the differential equation of motion
r
v2u
vt2
¼ ðlþ 2mÞVV,u mV ðV uÞ þ r f ð2Þ
where l and m are the Lame constants of rock and soil stratum;
and f denotes the force vector of unit mass and is zero if the
influence of gravity is ignored. Now Eq. (1) is substituted into
Eq. (2) to obtain the wave equations of displacement potentials
which describe the propagation of P-wave, SH-wave and SV-
wave on seafloor we have
V2f 1
c2p
v2f
vt2
¼ 0 ð3Þ
V2c 1
c2s
v2c
vt2
¼ 0 ð4Þ
V2j 1
c2s
v2j
vt2
¼ 0 ð5Þ
where cp ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðlþ 2mÞ=rp and cs ¼ ﬃﬃﬃﬃﬃﬃﬃﬃm=rp . When the z-axis
passes through the sound source and the rock and soil stratum
which is a homogeneous isotropic elastic solid, the field is in-
dependent of azimuthal angle, so the SH-wave is disappeared.
Thewave equation of fluid layer can also be derived fromEq.
(2). We simply let r be equal to density of seawater r1, set m¼ 0
and take l as the bulk modulus K¼ r1cp1 of seawater. Thus, the
wave equation of fluid layer similar to Eq. (3) can be obtained.Fig. 1. Point sound source in a stratified half-space.The boundary conditions for wave equations above are
p¼ 0; z¼ 0; ð6Þ
p¼ ðszzÞ2; z¼ H; ð7Þ
ðszrÞ2 ¼ 0; z¼ H; ð8Þ
w1 ¼ w2; z¼ H; ð9Þ
where p refers to the acoustic pressure in fluid media; (szz)2
and (szr)2 are the normal stress and the tangential stress in
solid layer, respectively; and w is the vertical displacement.
As discussed in Ref. [4], the wave number integration
technique can be used to transform the wave equations in time-
space domain into frequencyewavenumber domain by first
applying the Fourier transform to obtain the Helmholtz
equations, and then using the Hankel transform to get the
depth-separated wave equations which are the second order
ordinary differential equations
d2=dz2 þ k2z

f1ðkr; zÞ ¼ Sudðz dÞ=ð2pÞ; ð10Þ
d2=dz2 þ k2z

f2ðkr; zÞ ¼ 0 ð11Þ
d2=dz2 þ k2z

j2ðkr; zÞ ¼ 0; ð12Þ
where Su is the source strength; kz and kz are the vertical wave
numbers corresponding to the compressional and shear ve-
locities, respectively, and kr denotes the horizontal wave
number. The general solutions of the second order ordinary
differential equations above are given by
f1ðkr; zÞ ¼ Su expðikzjz djÞ=ð4p ikzÞ þA expðikzzÞ
þAþ expðikzzÞ ð13Þ
f2ðkr; zÞ ¼ A2 expðikzzÞ þAþ2 expðikzzÞ ð14Þ
j2ðkr; zÞ ¼ B2 expðikzzÞ þBþ2 expðikzzÞ ð15Þ
Each general solution is composed of an exponentially
decaying solution and an exponentially growing solution. A2
and Aþ2 are the wave field amplitudes in the rock and soil
stratum corresponding to up-going and down-going P-waves,
respectively, B2 and B
þ
2 are the shear waves, respectively. In
fluid media, only A and Aþ exist.
If the boundary conditions of displacement and stress in Eqs.
(6)e(9) are satisfied and expressedwith thewavefield amplitudes
above, the following linear system of equations can be obtained
D X¼ S ð16Þ
where D, X and S are global coefficient matrix, global degree-
of-freedom vector and global source-field discontinuity vector,
respectively.
After solving the global system in Eq. (16), we can get the
amplitudes of the up- and down-going waves in each layer.
The displacement potentials in frequencyewavenumber
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these amplitudes into Eqs. (13)e(15). The total field at any
angular frequency u is obtained by performing the inverse
Hankel transform of Eqs. (13)e(15) at depth z. For example,
the acoustic pressure in fluid layer can be calculated through
the following expression where Hankel function is replaced by
its asymptotic form
pðr; z;uÞzr1u2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1=ð2p rÞ
p
expðp i=4Þ

ZN
0
f1ðkr; zÞ
ﬃﬃﬃﬃ
kr
p
expðikrrÞdkr:
ð17Þ
More fields can be obtained by simply substituting the
wavenumber kernel in Eq. (17) with other field parameter of
interest, such as displacement or stress component. It has been
shown that, except for the ranges shorter than a few wave-
lengths and very steep propagation angles, the accurate eval-
uation of the inverse Hankel transform, Eq. (17), can be
obtained by the so-called FFP (Fast Field Program) integration
technique introduced by DiNapoli and Deavenport [6].
The solutions of time-dependent wave Eqs. (3)e(5) can be
obtained via a Fourier transform of the frequency-domain
solution. For example, the acoustic pressure in fluid layer is
pðr; z; tÞ ¼ 1
2p
ZþN
N
Supðr; z;uÞexpðiutÞdu ð18Þ
It is well-established that the most efficient numerical
integration approach for such problem is Fast Fourier Trans-
form (FFT) [7]. The first step in evaluating the frequency in-
tegral by means of FFT is to truncate the infinite integration
interval to ðumax; þumaxÞ, the time and frequency axes are
then discretize
ul ¼ lDu l¼ðN=2 1Þ/; 0; /ðN=2 1Þ ð19Þ
tj ¼ tmin þ jDt j ¼ 0; 1; /ðN 1Þ ð20Þ
where N is the total number of sample points and is usually an
integral power of 2, Du ¼ umax=ðN=2 1Þ, Dt ¼ 2p=ðNDuÞ.
Now the integral is replaced by a discrete sum. However,
according to standard sampling theory, the discretization of
frequency introduces a periodicity of T in time. The actual
response in the selected time window ½tmin; tmin þ T then
becomes
p

r; z; tj

z
Du
2p
XN=21
l¼ðN=21Þ

pðr; z;uÞeitminule2p ijl=N

X
ns0
p

r; z; tj þ nT
 ð21Þ
The last sum represents the wrap-around or aliasing from
the periodic time which gives negligible contribution to the
result if the time window is properly chosen as follows,tmin  r=cmax; ð22Þ
T  rmax½1=umin  1=cmax ð23Þ
Dt ¼ T=N < 1
8fmax
ð24Þ
where cmax, fmax and umin are maximum speed of media,
maximum frequency concerned and minimal group velocity of
the time series, respectively. The response of displacement or
stress in the selected time window can be simply calculated
likewise.
3. Numerical examples
In order to testify the algorithm for synthetic seismograms
in the previous section, a numerical example of SAFARI
(SAFARI-FIPP CASE 2) [8] is calculated using the algorithm
in this paper. The comparison of stacked time series of particle
velocity in seawater is shown in Fig. 2. The good agreement
shows the validity of the algorithm.
The geo-acoustic properties of a typical shallow sea envi-
ronment with hard seafloor are listed in Table 1. The seawater
depth is 50 m, and the receiver depth is 50 m, too.
A point source emits a wavelet given by
f ðtÞ ¼
(
1
2

1þ costc
2

1 tc
2

cos

2p fc

t tc
2

t  tc
0 t > tc
ð25Þ
where fc is the center frequency; tc describes the frequency
bandwidth of wavelet, and tc is always set to 0.2 s which
guarantees a bandwidth of 20 Hz.
The range-stacked synthetic seismogram of acoustic pres-
sure for a wavelet source with center frequency of 10 Hz at
45 m depth is shown in Fig. 3.
The first weak arrival is P-wave, and S-wave is almost
invisible in the waveform. The second arrival at the move-out
speed of 1315 m/s is prominent in the plot. To complement the
stacked time-series plot, we present a snapshot (Fig. 4) of the
pressure and vertical stress distribution in space at 2 s. Note
that the peak amplitude of the wave packet is maximal along
the seafloor with exponentially decaying amplitude away from
the guiding interface (wave is evanescent in both). This cor-
responds exactly to the interface wave. Thus, the interface
wave is the significant carrier of the source energy in this
frequency range.
According to the normal-mode theory, the dispersion rela-
tion of the normal modes can be derived by setting the
determinant of global coefficient matrix in Eq. (16) to zero.
Dðkr;uÞ ¼ 0 ð26Þ
The real roots of Eq. (26) correspond to the normal mode
waves propagating without loss (other than geometrical
spreading loss). These normal mode waves can be further
classified into the interface waves propagating along the
Fig. 2. Comparison of stacked time series of particle velocity in seawater (left: SAFARI; right: this paper).
Table 1
Parameters for calculation.
Layer Density/
(Kg m3)
P-wave speed/
(m s1)
S-wave speed/
(m s1)
Seawater 1000 1500 0
Seafloor 1850 3200 1800
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shallow sea waveguide. After finding the real roots of the
dispersion relation Eq. (26) using the brute-force search
method, we have plotted the dispersion curves of phaseFig. 3. Stacked time series of acoustic pressure on seafloor (d ¼ 45 m,
fc ¼ 10 Hz).velocity and group velocity shown in Figs. 5 and 6, respec-
tively. There are interface wave and 3 normal mode waves
displayed in the two plots when the frequency range is below
100 Hz.
There is no low cut-off frequency for the interface wave,
while each normal mode wave has a well-defined low cut-off
frequency. As for normal mode wave, the phase and group
velocity both approaches the water sound speed (1500 m/s) at
high frequency, whereas the phase velocity approaches the
seafloor S-wave speed (1800 m/s) at cut-off frequency. Simi-
larly, at high frequency the phase and group velocities of
interface waves both approach a speed of 1340 m/s, whereas
the phase and group velocity approaches a speed of 1650 m/s
at zero frequency. While the phase velocity of interface wave
monotonically decreases with frequency, the group velocityFig. 4. Snapshot of pressure and vertical stress distribution (d ¼ 45 m,
fc ¼ 10 Hz, t ¼ 2 s).
Fig. 7. Stacked time series of acoustic pressure on seafloor (d ¼ 10 m,
fc ¼ 20 Hz).
Fig. 8. Snapshot of acoustic pressure and vertical stress (d ¼ 10 m, fc ¼ 20 Hz,
t ¼ 2 s).
Fig. 5. Dispersion curves of phase velocity.
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9 Hz, which gives rise to the so-called Airy phase forming the
tail of a transient interface wave arrival in the time-domain
solution.
Based on the dispersion characteristics illustrated above,
the first mode wave only exists above the frequency about
20 Hz in Fig. 5. Since we are interested in the propagation of a
pulse centered at 10 Hz and with a 20 Hz bandwidth, it is
founded that no normal mode wave exists and only the
interface wave is excited in Fig. 5, which is the prominent
second arrival with move-out speed of 1315 m/s in Fig. 3. We
also see that the slowest arrival with a speed of 1270 m/s is the
Airy phase of interface wave.
As the center frequency of source increases to 20 Hz, the
range-stacked synthetic seismogram of acoustic pressure for a
source located at 10 m depth is shown in Fig. 7. Compared
with Fig. 3, a new wave packet appears with a group velocity
of 1612 m/s apart from the interface wave which is the third
arrival still at the move-out speed of 1315 m/s.
To complement the new wave packet in Fig. 7, we present
the snapshots of pressure and vertical stress, vertical
displacement and horizontal displacement at 2 s (Figs. 8e10).
The wave packets distributing within the radial range of
3.0 km correspond to the interface waves because their peak
amplitudes are maximal along the seafloor with exponentially
decaying amplitudes away from the guiding interface. As for
the wave packets covering the radial ranges from 3.0 to
3.8 km, their peak amplitude distributions are evidently
different from that of interface wave to consider that acoustic
pressure reaches its maximum at the mid-depth of seawater
and the vertical displacement reverses in seawater layer whichFig. 6. Dispersion curves of group velocity.is the typical propagating characteristics of normal mode
waves. In addition, it can be also seen from Fig. 5 that the first
normal mode wave is excited when the frequency of source
pulse is 20 Hz with frequency bandwidth from 10 Hz to 30 Hz.
Thus, the wave packet arriving secondly in Fig. 7 corresponds
to the first mode wave which group velocity (1612 m/s) is also
in accordance with the dispersion curve of Mode 1 in Fig. 6.Fig. 9. Snapshot of vertical displacement (d ¼ 10 m, fc ¼ 20 Hz, t ¼ 2 s).
Fig. 12. Displacement of first mode interface varied with depth.
Fig. 10. Snapshot of horizontal displacement (d ¼ 10 m, fc ¼ 20 Hz, t ¼ 2 s).
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the displacement distributions of interface wave and first
normal mode wave, we extract the displacements in Figs. 9
and 10 at the radial range where the peak amplitudes of hor-
izontal and vertical displacements reach. As for the interface
wave shown in Fig. 11, both the horizontal and vertical dis-
placements are maximal on seafloor with exponentially
decaying amplitude away from the interface in seawater layer.
The horizontal displacement reaches zero closed to the sea-
floor while the vertical displacement does not. On seafloor, the
displacements are evanescent on the whole, but the horizontal
displacement reverses firstly next to the interface and then
decays while the depth increases. As described in Eqs.
(6)e(9), the vertical displacement continues at the interface
while the horizontal displacement does not. The above
complicated displacement distributions in space are basically
introduced by the elliptical particle motion on the
deptherange plane of interface wave [9].
With regard to the displacement distribution of first normal
mode wave in Fig. 12, both the horizontal and vertical dis-
placements reach a maximum away from the seafloor. The
vertical displacement reverses in seawater and reaches a
maximum below the interface with a decaying amplitude when
the depth increases subsequently.
As the center frequency of source increases to 50 Hz, the
range-stacked synthetic seismogram of acoustic pressure for aFig. 11. Displacement of interface wave varied with depth.source located at 10 m depth is shown in Fig. 13. The last arrival
with a group velocity of 1340 m/s is the interface wave which
amplitude is much smaller than that of the normal mode wave
which arrives earlier. Thus, the normal mode waves become the
significant carrier of the source energy in this frequency range.
In addition, based on the dispersion curves in Fig. 5, not only
Mode 1 but also Mode 2 are excited when the source frequency
ranges from 40Hz to 60Hz. Themore normalmodewaves exist,
the more source energy transmits through seawater waveguide.
Hence, the source energy which transmits on seafloor with
interface wave apparently decreases and the wave packet of
interface wave becomes weak accordingly.4. Conclusions
In order to analyze the characteristics of seismic wave in
shallow sea, a numerical calculation of range-stacked syn-
thetic seismograms on seafloor caused by low frequency point
sound source was carried out using a wave number integration
technique combined with inverse Fourier transform. The nu-
merical results of hard seafloor show thatFig. 13. Stacked time series of acoustic pressure on seafloor (d ¼ 10 m,
fc ¼ 50 Hz).
104 Z.-h. LU et al. / Defence Technology 9 (2013) 98e1041) The time series of seismic wave on seafloor are mostly
composed of interface wave and normal mode waves. P-
wave is weakly generated, and S-wave is almost invisible
in the waveform.
2) Each normal mode wave has a well-defined low cut-off
frequency, while the interface wave doesn’t have. The
frequency dispersion of normal mode wave is obvious
when the frequency is lower than 100 Hz, while the
interface wave is dispersive only in the infra-sound fre-
quency range.
3) The time series of seismic wave is dominated by the
interface wave when the source frequency is less than the
minimal cut-off frequency of normal mode interface.
4) More and more normal mode waves appear when the
source frequency increases, and gradually passes their cut-
off frequency. More source energy transmits through
seawater waveguide rather than on seafloor with interface
wave. The normal mode waves gradually become the
significant carriers of source energy, and interface wave
weakens accordingly.
The wave components and the propagating properties of ship
seismic wave in shallow sea are the complicated problems. The
influence of source frequency has been discussed to some extent
in this paper. In addition, the influences of source depth, seawater
depth, soft seafloor and attenuated seafloor are important to
seismic interface wave and need to be analyzed further.Acknowledgments
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